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Abstract 

The classical equations of dynamical theory in the 
Bragg case are rederived in a way which is valid even 
in the presence of absorption where every quantity 
used is complex. The properties of the phase and the 
amplitude of the diffracted wave are discussed in 
detail. It is shown that for non-centrosymmetric crys- 
tals the position of the nodes at the centre of the 
reflection domain is strongly absorption dependent. 
The limit of the phase of the ratio of the diffracted 
to the incident amplitude far from the reflection 
domain is calculated to be equal to q~h + zr and ~h, 
below and above the reflection domain, respectively, 
where eh is the phase of the structure factor calculated 
taking into account anomalous dispersion and the 
imaginary part of the form factor. It is therefore 
absorption dependent and so is the position of the 
nodes of stationary waves which is never invariant 
with the angular position of the crystal, even outside 
the total reflection domain. The example of a non- 
centrosymmetric crystal, GaAs, opposite reflections, 
111 and 111, and of wavelengths close to the absorp- 
tion edges of gallium and arsenic is used to illustrate 
the results. It shows that the absorption-induced shifts 
of the nodal planes are in general directed towards 
the surface of the crystal, independently of the sense 
of the diffraction vector. The variation of the penetra- 
tion depth within the total reflection is interpreted in 
the non-absorbing case by means of a new surface 
which completes the dispersion surface within the 
Bragg gap. 

1. Introduction 

At Bragg total reflection, the incident, Ko, and reflec- 
ted, Kh, waves interfere generating a set of stationary 
waves which are hooked to the bulk of the crystal 
and extend through the surface towards the outside. 
Atoms situated at the antinodes of electric field emit 
fluorescent X-rays and electrons whose energy is 
characteristic of their nature. The nodes and anti- 
nodes lie on planes parallel to the diffracting planes 
whose spacing d is the lattice spacing divided by the 
order of the reflection. When the crystal is rocked 
through the reflection domain, the nodes and anti- 
nodes move towards the inside of the crystal by d/2. 
The simultaneous recording of the emitted fluorescent 

X-rays in a multichannel analyser and of the rocking 
curve enable the positions of the atoms within the 
unit cell to be determined to a few percent. This 
technique was first proposed by Batterman (1964, 
1969) and is currently used by several groups to study 
the structure of surfaces and interfaces (see, for in- 
stance, Kruglov, Sozontov, Shchemelev & Zhakarov, 
1977; Takahashi & Kikuta, 1979; Golovchenko, Patel, 
Kaplan, Cowan & Bedzyk, 1982; Patel & Golov- 
chenko, 1983; Bedzyk, Materlik & Kovalchuk, 1984; 
Bedzyk & Materlik, 1985a, b; Patel, Golovchenko, 
Bean & Morris, 1985; Durbin, Berman, Batterman & 
Blakeley, 1986; Afanas'yef, Imamov, Maslov & 
Paishayev, 1985). Its principle is based on the knowl- 
edge of the positions of the system of stationary 
waves. 

In non-absorbing crystals, three cases can be distin- 
guished: on the small-angle side of the total reflection 
domain, the nodes lie on the planes along which the 
Fourier component of the electronic density is 
maximum. On the other side, they lie halfway between 
these planes. Within the total reflection domain, the 
nodes move progressively from one position to the 
other. In absorbing crystals, however, the position of 
the nodes varies continuously even outside the total 
reflection domain and it is therefore very important 
to include correctly the effect of absorption. 

The notion and the basic properties of wave fields 
were introduced by Ewald (1917, 1927) and the form 
of the dynamical theory which is used today was 
developed by von Laue (1931) after Ewald. Its main 
results and modem developments are to be found in 
various books and reviews such as Zachariasen 
(1945), von Laue (1960), James (1963), Batterman & 
Cole (1964), Kato (1974), Pinsker (1978), and Authier 
(1961, 1970). 

The aim of this paper is to rederive the basic 
equations of dynamical theory diffraction by perfect 
crystals in a way which is rigorous even in the pres- 
ence of strong absorption and to discuss the variation 
of the phase and the amplitude of the diffracted wave 
in the Bragg case with a view to determining the 
influence of absorption on the exact position of the 
nodes of standing waves (Autllier, 1985). A geometric 
interpretation of the variation of the penetration 
depth within the total reflection range for a non- 
absorbing crystal will also be given. 
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2. Fourier components of  the dielectric susceptibility 

We shall call Xh, Xrh, Xih the Fourier components of 
the dielectric susceptibility and its real and imaginary 
parts, respectively: 

x', = x , ' ,  + ix,,, - -Ix',l exp i~h. (2.1) 

They are related to the structure factor through the 
relations 

Xh -- - (  R~ 2/ 71"V) Fh : - (  R~ 2/ 71"V) Fh exp i~o h 

x~ = - ( R a  2/~V)F,~ = - ( R a  ~/~V)lF~ J exp i~,~ 

X,h = -(RA2/~rV)F,h = - (  RA 2/ ~V)IF, hl exp iq~,h, 
(2.2) 

where R is the classical radius of the electron, A the 
wavelength, V the volume of the unit cell and 

{Frh = ~  (fj +f~) e x p -  Mj exp -21rih.  rj 

Fib = Ef j '  exp - M j  exp -27rib.  rj, (2.3) 

fj is the form factor of atom j, Jj  the anomalous 
dispersion correction, fj '  its imaginary part and 
exp - M j  the Debye-Waller factor. 

The Fourier component corresponding to the hkl 
reflection is 

Xh = X*,h + ix*, (2.4) 

where the star means complex conjugate (hence Xh 
x~*). 

We shall set 

= Ix x l ' /= exp i/3 (2.5) 

o.,/~= (XhXa)1/2/Xa= _ltr 1/2 exp i/3', 

where the modulus of cr = Xh/Xa is the departure from 
Friedel's law in absorbing crystals, that is the ratio 
of the intensities of the hkl and hkl reflections, respec- 
tively. The ratio K has the same meaning as in 
Zachariasen (1945). These quantities are frequently 
used in dynamical theory as will be seen later and it 
can be shown that 

]tr = [ (1 + 2K sin ~ + K2)/(1 - 2K sin ~ + K 2) ]1/2 

/3 + / 3 ' =  ~h. (2.6) 

Phase angle/3 does not depend on the position of 
the origin of the unit cell and is small in general while 
/3' depends on this origin. To a very good approxima- 
tion, even close to an absorption edge, 

( ix al = x,',12(1 +,~2 cos 2~,) 
/ 3 = ,  cos ¢ , / (1 -  K2 sin 2 ~,) (2.7) 

/3 '= q~,h -/3K sin ~o. 

Far from an absorption edge, we have 

14--- 1 ÷ 2 .  sin q~. (2.8) 

In a centrosymmetric crystal: 

~--0or~r; /3--±K; fl'=~0,h; 1~1=1. (2.9) 
If  the origin of the unit cell is situated at a centre 

of symmetry , /3 '=  0. 

3. Fundamental equations of  two-wave dynamical 
theory in the absorbing case 

Dynamical theory provides a solution of the propaga- 
tion equation of a wave in a periodic medium. In the 
two-beam approximation the solution is a wave field: 

D = exp-27riKo,  r(Do+Dh exp 27rih. r), (3.1) 

where h is the reciprocal-lattice vector associated with 
the reflection. It can also be written: 

D = Do e x p -  2~riKo. r + Dh e x p -  2~riKu. r. (3.2) 

It is interpreted as the superposition of two plane 
waves with amplitudes Do and Dh, respectively, and 
wave vectors Ko and Kb related by 

K h = K o - h .  (3.3) 

In the absorbing case, both the amplitudes and the 
wave vectors are complex. They satisfy a set of linear 
equations derived from the propagation equation on 
one hand and the boundary conditions at the crystal 
surfaces on the other. The set of linear equations is 

2XoDo-  kCXaDh = 0 
-kCXhDo + 2XhDh - -  0 (3.4) 

with 

Xo = [K - k2(1 + Xo)]/2k 

X h = [ K ~ _ k 2 ( l  +Xo)]/2k. (3.5) 

C = 1 or cos 20, depending on whether the polariz- 
ation is normal or parallel to the plane of incidence. 

The set of equations (3.4) has a non-trivial solution 
if the corresponding secular equation is satisfied: 

XoXh -- k2 C2Xh)( g/ 4. (3.6) 

Following the notation of Penning & Polder (1961) 
we shall call ~ the ratio between the amplitudes of 
the reflected and incident waves. From (3.5), it is 

~=Dh/Do=2Xo/ (kCx~) .  (3.7) 

There are two boundary conditions. The first is the 
continuity of the tangential components of the wave 
vectors on the crystal surface~ the second the con- 
tinuity of the electric displacement. 

Let us consider the first condition and let K{o a) = 0M 
be the incident wave vector (Fig. 1 b). Let us further 
set 

Ko = OP; gh = HP. 

The extremity P of the wave vector inside the crystal 
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is called the tie point. The convention used for the 
orientation of the wave vectors is at the origin of that 
used for writing Bragg's law (3.3). The tie point is 
imaginary for an absorbing crystal and within the 
total reflection domain for a non-absorbing crystal. 
We shall therefore set 

Ko = Kor+ iKo~. (3.8) 

The continuity of the tangential component of the 
wave vectors across the crystal surface can be written 

K¢o')- Ko = O M -  OP = PM = PMn, (3.9) 

where n is the normal to the crystal surface, oriented 
towards the inside of the crystal. From (3.9) and (3.3) 
we deduce that only the projections of Ko and Kh on 
the normal to the crystal surface have an imaginary 
part and that these imaginary parts are equal: 

Ko~= Kh~= im (M-ff)n. (3.10) 

The square of the amplitude of the wave vector, 
K 2, (3.8), is 

K2o= K2or-K2o,+2iKo~.Ko~. (3.11) 

Let 3'0 be the cosine of the angle ~o between the 
normal to the crystal surface and the incident direc- 
tion (Fig. l a ) .  The expression for K2o can therefore 
be written 

K 2= K2~ - Kg,+ 2iyoKod(o,. (3.12) 

. . . . . . . .  ~___e_ . . . . . . .  

H o 

(a) (b) 
Fig. 1. Incident and reflected wave vectors in direct and reciprocal 

space in the Bragg case. KCo'°=0M, KCh a)= HM: incident and 
reflected waves outside the crystal; Ko = 0P, I~ = HP: incident 
and reflected waves inside the crystal; n: normal to the crys- 
tal surface. (a) Direct space: ! o and lh are the cross sections 
of the direct and reflected beams, respectively: l o / l h  = 

[cos ~,,[/cos ~n=ly[ . (b) Reciprocal space: according to the 
boundary condition of the continuity of the tangential com- 
ponent of the wave vector the extremities P of Ko and M of 
K~o a) lie on the normal n to the crystal surface. 

The absolute values of Xo and Xh are always of 
the order of the wave number in vacuum, k, multiplied 
by the electric susceptibility, [X[, which is very small 
( -10-5) ,  and are therefore also small. This is also 
true of K0i, even close to an absorption edge or within 
the total reflection domain while Kor is of the order 
of k. From (3.5) and (3.12) it can then be deduced, 
very easily for Xoi and after some calculations for 
Xo,, that, to a good approximation, 

{ Xor = Kor - k(1 +XrO/2) 
Xo~ = yoKoi-  kXio/2. (3.13) 

In the derivation given in the next section, the 
complex value of Xo will be determined directly and 
the value of Ko~ will be calculated through (3.13). 

The intensity of the wave field D (3.1) can now be 
written 

012 - exp -(z/zo)lOo[2[1 + ~:12 

+21~1C cos (27rh. r+  ~,)], (3.14) 

where 0 is the phase angle of ~, z the depth within 
the crystal and 

Zo = -(47rKo,) -1 (3.15) 

is the penetration depth. The absorption coefficient 
along the incident direction, ~, is 

/z = Yo/Zo = -47rKoiYo 
(3.16) 

= -27rkXio- 47rXo~. 

The first term is the normal absorption coefficient, 
/z0, and (3.16) can be written 

/z = / z 0 -  47rXoi. (3.17) 

The second term in the expression for/~ depends 
both on the photoelectric absorption and on extinc- 
tion: it is equal to zero far from the Bragg condition 
and, within the total reflection domain, is the extinc- 
tion coefficient for a non-absorbing crystal. 

Equation (3.14) shows that the interference 
between the incident and the reflected waves is at the 
origin of the stationary waves. It is well known that 
h.  r - c o n s t a n t  is the equation of a family of planes 
in direct space whose spacing d is the lattice spacing 
divided by the order of the reflection. The product 
h.  r can therefore be written 

h . r = N + A d / d ,  (3.18) 

where Ad is the distance from the origin of the unit 
cell along the normal to the reflecting planes oriented 
towards the inside of the crystal and N is an integer. 

The nodes and antinodes have a periodicity equal 
to d and the position of the antinodes in the unit cell 
is given by 

A d / d = N - O / 2 ~ ' .  (3.19) 
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4. Solution of the fundamental equations of 
dynamical theory 

4.1. Coordinates of  the tie point 

The aim of this section is to determine the tie point 
from the values of Xo and Xh which have simple 
geometric interpretations in the non-absorbing case 
only; they will be discussed in § 5. The derivation in 
the present section is valid even in the case of an 
absorbing crystal. 

Let us consider the usual construction in reciprocal 
space where the Laue point La is the intersection of 
the two spheres of radii k = 1/A and centred at the 
reciprocal-lattice points 0 and H with the plane of 
incidence. These spheres are approximated by their 
tangential planes. Let T~ and T~, be their intersections 
with the plane of incidence, respectively (Fig. 2). The 
extremity of the incident wave vector 0M = K¢o a) lies 
on T~. In an absorbing crystal, the wave vectors inside 
the crystal, Ko = 0P and Ku = HP are complex. One 
can nevertheless write 

{ K ° = 0 e  = 0 L ' + L ~ M + M P  (4.1) 

Kh = HP = HL,  + L~M + MP, 

where MP is complex. 
We shall set 

LaM= k AO, 

where A0 is the departure from Bragg incidence of 
the incident wave, oriented in such a way that it is 
positive when the angle of incidence is larger than 
the Bragg angle (Fig. 2). 

From (4.1), (3.5) and (3.12) and a similar equation 
for K~, we get, neglecting high-order terms, 

Xo 7 o M P -  kXo/2 
(4.2) 

Xh = 7hMP - k AO sin 20 - kXo/2, 

where 7h is the cosine of the angle ~h between the 
normal to the crystal surface and the reflected wave 

. . . . . .  I 

I 
0 i 

! 

/__ .......... ; ....... 

H G 0 

Fig. 2. Departure from Bragg incidence. A0 is the angle between 
the wave vector satisfying Bragg's geometric condit ion and the 
incident wave vector K¢o ") = 0M. O is the geometric Bragg angle. 
GLo, normal  to the reciprocal-lattice vector, is parallel to the 
reflecting planes. 

vector (Fig. lb).  It is negative in the Bragg case, 
positive in the Laue case. 

Equations (4.2) can be combined and written: 

MP = Xo/ 70 + kXo/ 2 70 

= Xh/  7h + kXo/27h + k AO sin 20/ 7h . (4.3) 

We shall set 

~/=[A0 s in20+Xo(1 -7 ) /2 ]  

x rl cl(x~x ~171)'/=1-' 
= deviation parameter (4.4) 

A =,~(7o17,,I) ' /2[Icl(x,,x~)'/23 - '  
= extinction distance, 

where 7 = 7hi 7o and the definition of the deviation 
parameter r / i s  after Authier (1961). 

With these relations, (3.6) and (4.3) can be 
rewritten: 

{(Xo/7o)(Xh/7h) = S( 7h)/4A 2 

Xo/ 70-  Xh/  7h = *lS( Th)/ a,  (4.5) 

where S(F)  means sign of F. 
The solutions of (4.5) are 

Xo = yoS(Th){ ~! + ['12 + S( 7h) ]'/2)12A 

Xh= 7hS(Th)[--n+[n=+ S(Th)]'/2}/2A (4.6) 

and the expression for the ratio of the amplitudes of 
the two waves in the wave field is 

#=~l/~S(Th)S(C)[n+[n~+ S(Th)]'/~}llTI '/=. (4.7) 

In the Bragg case, as has been mentioned before, 
S(7h) is negative. We shall set 

{~7 
2 - 1 = p2 exp 2ire 

(4.8) 
~7 + ( r /2-1)  ' / 2 = Z  exp i~b'= r / + p  exp ire, 

where there are two solutions, to' and to'+~r, the 
proper value being that for which Z and ~:J do not 
diverge far from the reflection domain. 

Using (2.5) and (4.8), (4.6) and (4.7) can be written 
in the Bragg case: 

'Xo = -7oZ(exp  i~')/2A 

= - k l C  zlx~x~l'/=[exp i(~ + q,')3/2171 '/= 

x h  = 7hZ- ' (exp- i~ / ) /2A (4.9) 
= -klClZ-'lx~x~71'/=[exp i(fl - ¢ ' ) ] / 2  

~= s( c)l~l'/2Z[exp i(~' + ,1/)3/171 '/~-. 

Equations (4.9), (4.8), (4.4) and (2.5) show that the 
phase angle ~, of ~:, introduced in (3.14), is 

~b = /3 '+  ~' (4.10) 

when 0 is smaller than 45 ° or for C = 1. 
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4.2. Reflecting power 

This paper will be limited to the Bragg case for a 
thick crystal. In that case, one wave field only is 
excited in the crystal, that which propagates towards 
the inside of the crystal, the other one propagating 
outwards from the inside towards the surface being 
absorbed. The appropriate wave field is also that 
whose intensity tends towards zero far from the 
reflecting domain, as mentioned above. The value of 
the amplitude, D~ "), of the reflected wave outside the 
crystal is obtained by applying the boundary condi- 
tions which are particularly simple in this case: 

Do = Dto'); D~h ~)= D~. (4.11) 

The reflecting power is equal to the ratio of the 
reflected to the incident energies and therefore to the 
product of the ratio I~12 of the reflected intensity to 
that of the incident wave by the ratio IT[ of the cross 
sections of the reflected and incident beams, respec- 
tively (Fig. 1). From (4.9) it becomes 

Ih = I 11gl 2 -  I lz'. (4.12) 

5. Solution in the non-absorbing Bragg case 

5.1. Coordinates of the tie point 

The wave vectors are real and a geometrical inter- 
pretation can be found for all the parameters used. 
The quantities Xo and Xh defined by (3.5) can be 
written, outside the total reflection domain, to a very 
good approximation, 

Xo = K o -  k(1 + X0/2) 

Xh = Kh-k (1  + Xo/2). (5.1) 

Let us consider the spheres centred at 0 and H in 
reciprocal space with radii nk = k(1 + Xo/2), the wave 
number inside the crystal. Equation (5.1) shows that 
Xo and Xh are to be interpreted as the distances of 
the tie point from these two spheres. The secular 
equation (3.6) means that the product of these dis- 
tances is constant. It is the equation of the locus of 
the tie point, that is, the dispersion surface. The 
spheres of radius nk can be approximated by their 
tangential planes. Let To and Th be the intersections 
of these planes with the Ko, Kh planes, respectively. 
The cross point of these two lines is called the Lorentz 
point, Lo. The intersection of the dispersion surface 
with this plane is a hyperbola with To and Th as 
asymptotes (Fig. 3). The angle between these 
asymptotes is 20 and the diameter of the dispersion 
surface is 

Let us set 

Aft'= klCl(x w)l/2/cos O. (5.2) 

aOo= -Xo(1 - 3,)/2 sin 20 

6 = 2A Yh / A sin 20. 
(5.3) 

The expressions for the deviation parameter 7/and 
for s ¢, defined by (4.4) and (4.9), respectively, can 
now be written: 

{ ~ = 2 ( 3 0 - A 0 o ) / 6  
= S (C)Z[exp  i(q~h + d/)]/]yl 1/2. (5.4) 

The phase angle of ~, q,, given by (4.10) in the 
general case, reduces to 

I~/ = ~0 h + ~t/', ( 5 . 5 )  

where, as defined in (2.2), ~0h is the phase angle of 
the structure factor. 

5.2. Geometrical interpretation 

Fig. 3(a) shows the dispersion surface and the 
geometrical construction of the tie point. From the 
extremity, M, of the incident wave vector, one draws 
the normal to the crystal surface, a. It intersects the 
dispersion surface at either real or imaginary points. 
The latter situation corresponds to the total reflection 
domain. Let 11 and 12 (Fig. 3a) be the points of the 
dispersion surface where the tangent is parallel to n, 
Io~, lhl, I '  the intersections of the tangent at I~ with 
To, Th, T'o, respectively, /o2, ]hE, 1" the intersections 
of the tangent at 12 with the same lines, I the intersec- 
tion of the parallel to n drawn from the Lorentz point 
with T~. The geometrical interpretations of the 

' lh2 

/ /  
(a) 

~,s,,-~ 1 / 

~o  ' ' 

- -  

(b) 

Fig. 3. Dispersion surface. (a) Reciprocal space. S1, Sv, S2, S2, 
represent the Poynting vectors (propagation vectors) at 1:'1, Pv, 
/>2, P2', respectively. (b) Direct space. 
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quantities defined in (4.4) and (5.3) are, respectively, 

f A 1 = Iollhl 
AO0 = r ' - j / k  = angle between the (5.6) 

" middle of  the reflection domain 
and the geometrical Bragg angle 

8 = ~ 7 p / k  = width of  the total reflection domain. 

Let Mo and Mh be the intersections of  the normal 
to the crystal surface drawn from M with To and Th, 
respectively; its intersections with the dispersion sur- 
face belong to the same branch when they are real. 
Let them be P1 and P~ for branch 1 (that on the same 
side as the Laue point) and P2 and P~ for branch 2, 
It is a well established fact in dynamical theory that 
the propagation direction of a wave field is given by 
that of the normal to the dispersion surface at its tie 
point. A comparison of  Fig. 3(a)  drawn in reciprocal 
space and Fig. 3(b) drawn in direct space shows that 
at tie points P1 and P2 the excited wave fields propa- 
gate towards the inside of  the crystal, while those 
excited at P~ and P~ would propagate towards the 
outside of  the crystal. In a semiinfinite or a very thick 
crystal, only the wave fields propagating towards the 
inside are actually excited since the other ones would 
be absorbed out before reaching the crystal surface. 

The geometrical interpretation of */and (*/2_ 1)1/2 
are, respectively, 

*/ = - M o M h /  IolIhl 
(*/2_l)l/2= p___(_~t/_iollht" (5.7) 

,t.. 

~ t 

180 

9O 

-5 0 i 5 

Without absorption 

With absorption 

Fig. 4. Variation of the phase ~' of 7/+ (,/2_ 1)t/2 in the absorbing 
and non-absorbing cases. Without absorption: ~' = ¢r for */-< -1; 
~'=0 for */->-1. With absorption: the limits of ~b' are Ir+/3 
for */r-->-co and/3 for */ ->+co [/3 is the phase of (FhF8) I /2] ;  
~b' is equal to ~r (the value in the non-absorbing case) for 
*/, = -B/A. In both cases, ~' = Ir/2 for 7/, = 0. The curves have 
been calculated for the case of a symmetric 111 reflection on a 
GaAs crystal for a wavelength a = 1.195 A. For this example, 
/3=6.31 °, B/A=l.58. 

In other words, "0 = - 1  when M is at I '  and *7 = +1 
when M is at I" (Fig. 3). 

5.3. Variation of  the phase of  the reflected wave 

When mr/[ > 1, the phases to and ~,' defined in (4.8) 
are constant. The condition that [~:l should tend 
towards zero when */-> +oo shows that they are equal 
to 0 and 7r for 7 7 - - 1  and to ~r and 0 for */--1, 
respectively. For  I*/I < 1, we have, by continuity, 

0 '  = t a n  -1 [(1--1"]2)1/2/*/]. (5.8) 

The values of  Xo and Z in the three parts of  the 
reflection domain are therefore 

*/-< -1 :  Xo = - Yo[*/+ ( , /2_ 1)1/2]/2A; 

Z = - [  77 + (*/2-1)1/2]; 

- 1 < * / _ < - 1 :  Xo=-Yo[*/ + i(1-*/2)1/2]/2A; 

Z = I ;  (5.9) 

71 -> -1 :  Xo = -Yo[*7 - (* /2 -1 )1 /2 ] /2A;  

Z = * / - -  (*/2_ 1)1/2. 

The variations of phase ~'  given by (5.8) are rep- 
resented in Fig. 4. The variations of the phase ~ of  
~: are easily deduced from those of ~'  by a translation 
equal to the phase ~h of  the structure factor (5.5) and 
therefore depend on the origin of the unit cell. They 
are summarized in Table 1. 

Another way to represent the variation of  the phase 
0 is to represent the variation of  the complex quantity 
~: on the complex plane. This is done in Fig. 5. 

£. D~/Do 
IHAGINARY 

o., . . . . . . . . . . . . . .  t 
_ o . _ _ _ _ _ - -  

-1 ~ Without absorption 

With absorption 

Fig. 5. Representation of the ratio, ~, of the reflected to the incident 
amplitude in the complex plane in the absorbing and non- 
absorbing cases. The slope at the origin is equal to tan ~%, where 
tPh is the phase angle of the structure factor, Fh. The curves for 
the absorbing and non-absorbing cases cross for */rffi-B/A. 
The example presented here has been calculated for a sym- 
metrical 111 reflection on a GaAs crystal and A -- 1.195 A with 
the origin of the unit cell at mid-distance between gallium and 
arsenic planes. Such a representation was first used by Bonse 
(1964). 
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Table 1. Variations of the phase and amplitude of the 
reflected wave in the non-absorbing case 

rl - c o  - 1  0 1 co 

i~ 7r + tPh "a" + tPh 7r / 2 + tPh q~h ~h 
A d / d * - - ~ h / 2 " r r - - ~ h / 2 " n "  0"25 -- tPh/2"n" 0"5--tPh/2'rr 0"5--q~h/2"n" 

I~1 0 1 1 t 0 
* . l d  d corresponds here to the posit ion of  the node~ in the unit cell. 

5.4. Reflecting power 

From (4.12) and (5.9), the reflecting power is equal 
to, in the three regions of the reflection domain, 

,/I-- 1" Ih=[Ir/--(r/2--1) '/2] 
(5.10) 

~71--< 1: Ih=l .  

Equation (5.10) shows that there is total reflection 
for < _ 1. This is the total reflection domain. 

5.5. Movement of the nodes of  stationary waves when 
the crystal is rocked 

Expression (3.14) for the intensity of the wave field, 
(3.19), and Table 1 show that: 

(a) The positions of the nodes and antinodes of 
the stationary waves are constant outside the total 
reflection domain; 

On the small-angle side of the rocking curve (77-< 
-1) ,  the nodes lie on the planes where the phase ~h 
of the structure factor Fh is equal to zero, that is on 
the planes for which the Fourier component of the 
electronic density is maximum. 

On the large-angle side (r/_> 1), it is the antinodes 
which lie on these planes. 

(b) Within the total reflection domain, the position 
of the nodes and antinodes is displaced by d / 2 towards 
the inside of  the crystal as the latter is rocked towards 
large angles of incidence (the normal to the crystal 
surface which corresponds to positive values of z is 
oriented towards the inside of the crystal). 

The variation of the position of the nodes with the 
deviation parameter is represented in Fig. 6. 

5.6. Penetration depth-geometrical representation of 
the imaginary part of the wave vector within the total 
reflection domain 

The penetration depth in a non-absorbing crystal 
is finite within the total reflection domain only and 
is due to extinction. From (3.15), (3.13) and (5.9), it 
is 

Zo =-3 ,o / (4~rxo+)=k/ [2¢r(1- r l2) ' /2 ] .  (5.11) 

The variations of Zo can be visualized graphically 
by means of a new surface in reciprocal space which 
within the total reflection domain plays a role some- 
what analogous to that of the dispersion surface out- 
side. Equations (3.13) and (5.19) show that within 

the total reflection domain 

Ko, = - i (1 - r12)l/2/2A. (5.12) 

Equation (5.7) shows that outside the domain of 
total reflection (7/2-1)1/2 is equal to the length of the 
chord of the dispersion surface intercepted by a line 
parallel to the crystal surface drawn from the 
extremity M of the incident wave vector and this can 
actually be taken as a geometric definition of the 
dispersion surface. In a similar way, one can consider 
in the plane of incidence the curve such that the chord 
intercepted by a parallel to the normal to the crystal 
surface should be equal to ( 1 -  r12) 1/2. It is very easy 
to show that this is an ellipse tangent to the dispersion 
surface at I1 and I2 (Fig. 7). Let /)1 and P2 be the 
intersections with this ellipse of the parallel to the 
normal to the crystal surface drawn from the extremity 
M of a wave vector within the total reflection domain; 
Mo and Mh are the intersections of this normal with 
To and Th, respectively, as for a wave vector outside 
the total reflection domain. It can be shown that, in 
a similar way to (5.7), 

rl = -- MoMh/ Io, Ih l 
(t-,72)1/2= E~l)o, Ih, (5.13) 

~;.........................................! 

Ga 

-5 -1 

j 

1 __,__. -L__~, . , - , . t__~ 

Ga 
'0.625 

-6g 

As . . , . . . , . . , . , . , . . , . , . . . . . , . . . . . , , . ,  . . . . . . . . . . . . . . . , . . , . , . . , . . . . . . . . , . . . . . . . . , , , ,+ . . . . . . , . , .  As 

WlthOut absor ptlon 

With absorption 

Fig. 6. Variations of the relative position of the nodes of stationary 
waves with the deviation parameter, r/,, with and without absorp- 
tion. The curves have been calculated for a symmetrical 111 
reflection on gallium arsenide and A = 1.195/~,. The thick dotted 
and dash-dotted lines show the positions of the arsenic and 
gallium (111) planes. The limiting position of the nodes far from 
the reflection domain in the non-absorbing case is slightly off 
the mid-distance between the arsenic and gallium planes. This 
is due to the difference between the form factors of gallium and 
arsenic. The change in the limiting position in the absorbing 
case should also be noticed. The ordinate axis is oriented towards 
the inside of the crystal from the surface. 
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and therefore, from (5.6), 

Zo = 12 ~P--~I-'. (5.14) 
The variation of the penetration depth is therefore 

given b y  that of the converse of the chord to the 
ellipse and its minimum value, reached at the middle 
of the total reflection domain, is equal to A/2~. 
Outside the total reflection domain, it is infinite. Fig. 
8 represents the variations of Zo with the deviation 
parameter within the total reflection domain. 

6. Solution of the dynamical theory in the 
absorbing case 

6.1. Real and imaginary parts of the deviation 
parameter 

The index of refraction, the dielectric constant, the 
wave vectors and the dispersion surface are now 
complex. Furthermore, there is no longer a gap 
between the two branches of the dispersion surface 
and no total reflection. The geometric representation 
of the dispersion surface is no longer useful in the 
Bragg case, except outside the centre of the reflection 
domain, contrary to the Laue case. The reason is that 
the two main uses of the dispersion surface are firstly 
to give an idea of the variation of ~ with the deviation 
parameter and secondly to provide the propagation 
direction of the wave fields, which is normal to it at 
the tie point. In the absorbing Laue case, the 
imaginary parts are so small in general that the disper- 
sion surface gives a good indication for these two 
purposes. In the Bragg case, where the imaginary 
parts are very large close to the total reflection 
domain, this is no longer true. The tangent of the 
angle of the propagation direction with the lattice 

lanes is given in all cases by [(1-[~12)/(1+ 
12)] tan 0 (von Laue, 1960) so that ~ is the main 

parameter and was used by Penning & Polder (1961) 
and Bonse (1964) for the study of wave-field propaga- 
tion in slightly deformed crystals. 

The deviation parameter is also complex and can 
be written: 

r /=  r/r + ir/i (6.1) 

with 

rlr = [AO sin 20 cos/3 + (1 - Y)(Xr0 COS/3 

+ Xio sin/3 ) / 2 ] / I c l  Ixhx '/2 

= 2(A0 -/tOo)/8 
(6.2) 

rh = Ar/~ + B 

A-- -tan/3 

B = [ x , o / ( I c I  Ix x l '/= cos  1 -  )/21  11/2, 
where /3 is defined by (2.5) and (2.7); A therefore 
depends on the 'h '  Fourier coefficients of the real and 
imaginary parts of the dielectric susceptibility, y 
defines the asymmetry of the reflection and was 
defined after (4.4). B is identical to the coefficient g 
defined by equation (3.181) of Zachariasen (1945), 
to the cos/3 factor. 

When r/r = - B / A ,  r/i = 0, and many quantities are 
equal to their value in the non-absorbing case; this 
is the case for instance for the phase @' and for the 
amplitude Z of r /+ ('i7 2 -  1) 1/2. 

In a centrosymmetric crystal with a small absorp- 
tion and for a symmetric reflection (7 = -1 ) ,  the par- 
ameters A and B reduce to 

{ A=-Xih/Xrhl=-K (6.3) 

= - -  X i o / C X r h "  

y . . . .  

Fig. 7. Geometric interpretation in reciprocal space of the vari- 
ations of the penetration depth in the case of a non-absorbing 
crystal. A new surface is introduced whose intersection with the 
plane of incidence is the ellipse drawn in dotted lines which is 
tangent to the dispersion surface at the extremities of the 
diameter Ill 2 where the tangent is parallel to the crystal surface. 
The penetration depth Zo is the converse of 2~r times the chord 
PI P2 of the ellipse intercepted by the normal to the crystal surface 
drawn from the extremity M of the incident wave vector. 

-5 -1 

Zo ,am 
3 

2 

.1 

Without absorption 

With abs~ption 

t /p 

Fig. 8. Variation of the penetration depth with and without absorp- 
tion. The curves have been calculated for a symmetrical 111 
reflection on gallium arsenide for A = 1.195 A. 
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Therefore, the ratio B / A  which governs many of 
the properties of the wave fields is of the order of the 
ratio of the '0' and 'h '  Fourier components of the 
imaginary parts of the susceptibility, g. 

The angle between the middle of the reflection 
domain and the geometrical Bragg angle, the width 
of the rocking curve and the real part of the extinction 
distance are now equal to, respectively, 

/tOo = - (1  - Y) (X,o + X,o tan/3)/2 sin 20 

6=2(A/A, )  Yh /sin 20 (6.4) 

Ar = A(~/o "Yh )1/2 COS ~ /  C XhX/~ 1/2. 

It should be noted that with the above definition 
the deviation parameter has the same sign as ( / t 0 -  
/tOo) in both the Laue and the Bragg cases, contrary 
to the convention used by some other authors (for 
instance Zachariasen, 1945). It should also be noted 
that (6.4) show that the width of the rocking curve is 
absorption dependent. 

6.2. Reflecting power 

In order to calculate (4.12) for the reflecting power, 
we shall follow a derivation analogous to that of 
Fingerland (1971). The expression for the square of 
parameter Z defined in (4.8) can be written, when 
the deviation parameter is complex, 

z2=l*/12+p2+*/ * pexp ito+*/pexp-ito. (6.5) 

We set 

{ t= ln l2+p2  (6.6) 
M = 77 * p exp ito + ,/p exp -ito. 

It can easily be shown that 

M = 2p(*/, cos to + */i sin to) 
M 2 = L 2 - 1  (6.7) 

and therefore that 

Z 2 = L± (L 2 -  1) 1/2, (6.8) 

the solution to be chosen being, as mentioned earlier, 
that for which Z 2 converges. From (4.12) and (6.8), 
the reflecting power is 

Ih = ]trl[ L -  (L 2 -1  )1/2]. (6.9) 

This way of writing the Darwin-Prins formula was 
first used by Hirsch & Ramachandran (1950). There 
is no longer a total reflection domain and the rocking 
curve is asymmetric. Its properties are described in 
various papers (Hirsch & Ramachandran, 1950; 
Bucksch, Otto & Renninger, 1967; Fingerland, 1971). 
The shape of the curve depends through B and A on 
the '0' and 'h '  Fourier components of the imaginary 
part of the dielectric susceptibility and on the asym- 
metry of the reflection. Its asymmetry decreases as 
B/A  increases towards infinity for a given value of 

B. As shown by (6.2) and (6.3), this means that for 
given values of the normal absorption coefficient and 
of the asymmetry of the reflection, the asymmetry of 
the rocking curve decreases with the ratio Ix,h/X, ol of 
the 'h" to the '0' Fourier component. This is of course 
due to the anomalous absorption, or Borrmann effect, 
as will be discussed in § 6.4. For a given value of the 
'0' and 'h '  Fourier components of absorption and 
therefore for a constant value of A, a change of the 
orientation of the reflecting planes with respect to the 
crystal surface induces a change in the values of B 
(6.2) and of B / A  and therefore also a modification 
in the asymmetry of the rocking curve. On the other 
hand, the value of the maximum of the rocking curve 
decreases with increasing values of IBI for constant 
values of B/A,  that is it decreases with increasing 
absorption. 

Far from the reflection domain, */r + + oo, L + + oo 
and, from (6.8), 

Z2+l /2L .  (6.10) 

6.3. Phase of the reflected wave and its limits far from 
the reflection domain 

The phase angle to is given by, from (4.8), 

sin 2to = 2*/i*/r/p 2 

cos 2to = (*/~-*/~- 1)/p 2 , 
(6.11) 

the proper solution being, for the reason given above, 
that for which M [(6.6) and (6.7)] is positive. Using 
this value of to, the phase angle q / i s  given by 

{Z cos ~ ' =  */,+p cos to (6.12) 

sin ~ ' =  */i + P sin to. 

Since there is now no total reflection domain, the 
phase angle of the reflected wave, tk= ~b'+/3 (4.10) 
now varies continuously and is no longer constant 
for I*/1_> 1. It is easy to show that q /=  7r/2 for */, =0  
whatever the absorption as in the non-absorption 
case, and to 7r for */r = - B / A  (*/i = 0). 

When */, =+ +0% */i --> A*/, and tan to --> A. The condi- 
tion mentioned above and (6.2) show that 

; --> -/3 for */, + - ~  

-~ 7r-CJ for ,/ ,+-+~. 
(6.13) 

In order to calculate the limit of ~O', it is necessary 
to expand to further. It is possible to show that when 
* / ~ + ~  

I 
sin to + -[*/, + A/2*/,(1 + A2)]/p 

cos to + - [ * / , -  1/2,/,(1 + AE)]/p 

p + I*/J(1 + 32)1/211 ÷ 1/*/,.(1 + A2)] 

z - '  -, 21./,1(1 + A2)~/2[ 1 + AB/2*/,(1 + A2)]. 

(6.14) 
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From (6.13), (6.12) and (2.6), one deduces that 

for r/-~-oo: O ' -~ Tr + fl ; O -~ ~r + ~ + ~ ' = ~r + ~ h 

for n-~ oo: 0'-~/3; O - ~ + f l ' = ~ O h .  

This very important result shows that the limits of 
the phase far from the reflection domain are expressed 
in the same way as in the non-absorbing case but 
including of course now anomalous dispersion and 
absorption in the calculation of the phase ~h of the 
structure factor. This result was given independently 
by Authier (1985) and Bedzyk & Materlik (1985b). 
Table 2 summarizes the variations of the phase of the 
reflected wave for absorbing crystals. 

Fig. 4 shows the variation of ~' with r/r and Fig. 5 
represents the variations of ~: in the complex plane. 

6.4. Anomalous absorption - shape of  the rocking 
curve - penetration depth 

The effective absorption coefficient is given, using 
(3.17) and (4.9), by 

I~ = tzo+ E~rk(XhXg)l/2Z[sin i(/3 + 0')]/ lyl  1/2. (6.15) 

This is smaller than the normal absorption coefficient 
when 0 ' >  Ir- /3.  This occurs for values of ~r (see 
Fig. 4) corresponding to tie points lying on branch 1 
of the dispersion surface which therefore, as in the 
Laue case, is associated with anomalously low 
absorption because the nodes of electric field coincide 
with the atomic planes. When 0 ' <  ~r-/3, absorption 
is larger than normal. Within the Bragg gap, this is 
essentially due to extinction as shown in § 5.6; outside 
the Bragg gap, and for positive values of r/,, the tie 
points lie on branch 2 of the dispersion surface which 
is associated with anomalously high absorption 
because it is now the antinodes of the electric field 
which lie on the atomic planes. This is the Borrmann 
effect which is more explicitly understood in the case 
of transmission, or the Laue case; the expression for 
the effective absorption is given in that case and for 
a symmetric reflection [see, for instance, Authier, 
1970, equation (II-6-4)] by 

/~ =/Zo[1 :~ ]C (Xih/Xio)COS~/(I-[-~2)I/2], (6.16) 

where the minus sign corresponds to branch 1 and 
the plus sign to branch 2, ¢ is given by (2.5) and the 
deviation parameter is defined by (6.2) as in the Bragg 
case. 

The advantage of the transmission case is that it is 
obvious from (6.16) that one branch of the dispersion 
surface correponds to anomalously high absorption 
and the other to anomalously low absorption. Fur- 
thermore, it is readily seen that the effect decreases 
with decreasing values of the ratio L~ih/Xiol, whatever 
the value of/Zo, as is very well known. It is the same 
effect that is at the origin of the asymmetry of the 
rocking curve in the Bragg case and of the influence 

of ]gih/Xio[ on this asymmetry, the influence that was 
noticed at the end of § 6.2: the left shoulder corre- 
sponds to wave fields with tie points on branch 1 with 
anomalously low absorption and the right shoulder 
to wave fields with tie points on branch 2, with 
anomalously high absorption. 

The penetration depth Zo in the Bragg case is given 
by (3.16) and (6.15); it varies continuously with ~r, 
contrary to the non-absorbing case and its variations 
are represented in Fig. 8 in the case of gallium 
arsenide. The asymmetry of the curve is of course 
due to the anomalous absorption effect just described. 

7. Position of the nodes of stationary waves 

7.1. General results 

The variations of the positions of the nodes of 
stationary waves in the presence of absorption as the 
crystal is rocked through the reflection domain are 
summarized in Table 2 and illustrated in Figs. 6 and 
9. It can be noticed that: 

(a) the position o f  the nodes is never constant, 
contrary to the non-absorbing case; it is continuously 
moving towards the inside of the crystal as the latter 
is rocked towards large angles of incidence. 

(b) the position of the nodes far from the reflection 
domain on the small-angle side lies on the planes 

~.,. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  L~./~ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  ~ 
" 1 . 375  

-5 -I i 5 ~r 

o ......................... 

Ga 

~ '0 .625  

0 .5  

As As 

_ _  .~. = 0 . 8296  
. , l .  1.o,~¢ 53 ,z, 

. . . . . . . . .  l = 1 . 11079 /~  
. . . . . . . . . . . . . . . . .  A = 1.19518 A 

. . . . . . . . .  A = 1 .23103  ,~, 

Fig. 9. Variation of the relative position of the nodes of stationary 
waves with the deviation parameter for various wavelengths. The 
curves were calculated for gallium arsenide, 111 reflection and 
the various wavelengths used by Bedzyk, Mateflik & Kovalchuk 
(1984). The limiting position of the nodes far from the reflection 
domain depends on the wavelength. This is because of the 
difference in absorption. The thick dotted and dash-dotted lines 
represent the positions of the arsenic and gallium (111) planes 
and the ordinate axis is oriented towards the inside of the crystal. 
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Table 2. Phase of the reflected wave and position of 
the nodes of  stationary waves in the absorbing case 

rl~ -oo - B / A 0 oo 
-/3 0 7r/2 ~" -/3 

O' ¢r+/3 re Ir l 2 /3 
0 1r + ~oh rr+/3'  I r /2+/3 '  ~0h 

Ad/d  --~h/2"a" --fl'/21r 0"25 --fl'/2¢r 0.5 - g~h/2~" 

Note that, in centrosymmetric crystals, the phase/3'  of (Fh/FFi) 1/2 is equal 
to zero when the origin is chosen at a centre of  symmetry and that the phases 
~oh of  the structure factor and/3 of  (FhF~) t/2 are then equal. 

where the phase ~0h of the structure factor is equal to 
zero, as in the non-absorbing case, but this phase is 
now absorption dependent and so is the resulting shift 
of this position with respect to the limit determined in 
the non-absorbing case. This absorption dependence 
of the limit exists both in centrosymmetric and non- 
centrosymmetric crystals. Far from the reflection 
domain on the large-angle side, the nodes lie on the 
planes where tph + rr is equal to zero. The total dis- 
placement of the nodes across the reflection domain 
is therefore equal to d/2, as in the non-absorbing case. 

(c) the position of the planes for a given value of the 
deviation parameter within the reflection domain is also 
absorption dependent, in particular in the central part 
of the reflection domain for non-centrosymmetric crys- 
tals; this is shown very vividly in the example 
described in the next section. In centrosymmetric 
crystals, however, the phase,/3', of (F,/F~)~/2 is equal 
to zero when the origin is situated at a centre of 
symmetry and the position of the nodes at the middle 
of the reflection domain (close to fir = 0) is not absorp- 
tion dependent; when the magnitude of the deviation 
parameter is close to 1 or larger, the position 
becomes strongly absorption dependent, as in non- 
centrosymmetric crystals. 

7.2. Example: GaAs 

7.2.1. Structure factor. Gallium arsenide has the 
zincblende structure; gallium lies at the nodes of a 
face-centred cubic lattice and arsenic occupies half 
the tetrahedral sites. The structure can be described 
as a compact packing AA'BB'CC'  of {111} planes 
occupied alternately by arsenic and gallium atoms, 
the distance of the A and A' planes being one third 
of that of the A' and B planes (see Figs. 6 and 9). 
The structure factor is 

Fh = 4[fca exp 27ri( h + k + I)/8 

+fA~exp-27ri (h+k+l) /8]  (7.1) 

with the origin located at the mid-distance between 
a gallium and an arsenic atom along a [111] direction, 
that is at the mid-distance between an A' and a B 
plane. 

For a 111 reflection, the structure factor is 

F,,,=--2X2~12[(fAs+ fGa)+ i(fAs--fG.)]. (7.2) 

Table 3. Shifts of the position of the nodal planes for 
various wavelengths: 111 reflection on GaAs 

r/r = - o 0  r / ,=  0 

~(A) (.m-') I'~1 ad l~ t  Ad (A )  A d / d  Ad ( A )  

0-82096 0.048 0.985 -0.017 -0.055 -0.003 -0.010 
1.04453 0.119 0.862 -0.014 -0.046 0.016 0.052 
1.0450 Absorption edge of  arsenic 
1.11079 0.054 1.118 -0.014 -0.046 -0-001 -0-004 
1.19518 0.084 1.233 -0.034 -0.111 -0.016 -0.053 
1.1958 Absorption edge of  gallium 
1.23103 0.019 0.997 -0.016 -0.052 -0-010 -0.032 

Non-absorbing case 1.000 -0.004 -0.014 -0.004 -0.014 

The surface is then an arsenic plane with the normal 
oriented from the A towards the A' planes. It is the 
reverse for a 111 reflection which corresponds to a 
surface occupied by gallium atoms. 

7.2.2. Non-absorbing case. In the non-absorbing 
case, the phase of the structure factor for 111 is 

~Oh=tan-~[(fA~--fca)/(fA~+fc,)] (7.3) 

and, since f G a  = 26.67 and fAs=28"17 for this reflec- 
tion, it is readily seen that the position of the nodes 
is shifted by Ad/d=O.O044 from the midpoint 
between the A, As, and A', Ga, planes towards the 
arsenic plane where the number of electrons is larger. 
This shift is of course due to the lack of a centre of 
symmetry and does not exist for germanium, for 
example. It is also directed towards the arsenic plane 
for the opposite reflection, 111. 

7.2.3. Absorbing case. In the absorbing case, the 
phase of the structure factor for 111 becomes 

q~h = tan-1 (fAs+f'As+f'As--fGa--f'c"+JG"~ 
\fas+ f'As--f'~s+ fGa+ f'Ga+ f'~a]" (7.4) 

The phase of the structure factor for 111 is simply 
obtained by exchanging Ga and As in the above 
expression. 

Fig. 6 compares the variations of the position of 
the nodes with the deviation parameter in the absorb- 
ing and non-absorbing cases for a 111 reflection and 
;t = 1.195/~ and Fig. 9 for the five wavelengths used 
by Bedzyk, Materlik & Kovalchuk (1984). These 
wavelengths correspond to energies lying on each 
side of the absorption edges of arsenic (1.0450/~) 
and gallium (1.1958/~). The corresponding values of 
the complex form factors were taken from the paper 
by Bedzyk et al. (1984). Table 3 gives the values of 
the relative and absolute shifts of the nodes from the 
position they would occupy in a centrosymmetric 
non-absorbing case for r/r-~ -oo and rb = 0 for a 111 
reflection and the wavelengths used in Fig. 9. The 
corresponding values of the absorption coefficient,/.t, 
and of the departure from Friedel's law, = IFhl Fhl ,  
are also given. Table4_ gives similar results for the 
opposite reflection, 111. It can be noticed that the 
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Table 4. Shifts of the position of the nodal planes for 
various wavelengths: 111 reflection on GaAs 

The values of Ad/d at ~7,. = -oo  given in this table are identical 
with those given by Bedzyk & Materlik (1985b) for the 111 reflec- 
tion (the convention for the orientation of [111] is different). 

*/r = -o0 */r = 0 

x(k) I~] ad/d ad (A) ad/d ad (A) 
0"82096 1"015 -0"011  -0"035 -0"014 -0"045 
1.04453 1"162 -0.046 -0-151 -0-030 -0-099 
1"0450 Absorption edge of arsenic 
1-11079 0.895 -0.011 -0.036 -0.012 -0.040 
1.19518 0.811 -0.001 -0.004 -0.017 -0.057 
1.1958 Absorption edge of gallium 
1.23103 1-003 0.006 0.019 -0.004 -0.013 

Non-absorbing ease 1.000 0.004 0.014 0.004 0.014 

shifts vary very strongly with absorption, the angular 
position of the crystal and the sense of the reflection. 
These absorption-dependent shifts are practically all 
negative, that is directed towards the crystal surface, 
for both the 111 and the 111 reflections, in other 
words, irrespective of whether the surface is an arsenic 
or a gallium plane. For comparison, in the case of 
germanium, which is centrosymmetric, the relative 
absorption-induced shift of the nodes far from the 
reflection domain is equal to 0.01 towards the crystal 
surface for a 111 reflection and A =0.709/~. 

The main properties of the various quantities used 
in dynamical theory, in particular for the standing- 
waves application, now seem well understood, in all 
their details, for the perfect absorbing crystal case. 
There are, however, situations occurring in practice 
of importance for interface investigations where fur- 
ther studies of the properties of standing waves seem 
required. This is the case, among others, for thin 
crystals where two wave fields have to be taken into 
account, for the presence of crystal imperfections 
which modify the propagation of wave fields inside 
the crystal and for steps on the crystal surface which 
may influence the application of the boundary limits 
or introduce diffraction effects. On the latter point a 
comment by yon Laue (1960) may well be remem- 
bered, where he mentions that the approximation of 
a mathematical plane for the boundary limits is a 
'better than nothing else' one justified by the agree- 
ment between experimental and theoretical rocking 
curves in the Bragg case but that it remains the 
'weakest point in the dynamical theory'. The eventual 
influence of steps on the crystal surface should there- 
fore be investigated. 

Stimulating discussions with Dr J. R. Patel are 
gratefully acknowledged. 

8. Concluding remarks 

It has been shown in this paper that the position of 
the nodes of stationary waves is absorption dependent 
and varies continuously even outside the total reflec- 
tion domain. Its limiting position far from the reflec- 
tion domain has been determined; it is given simply 
by the phase of the structure factor, taking into 
account the imaginary parts of the form factors and 
anomalous dispersion. The relative absorption- 
induced shifts can be up to a few percent. In non- 
centrosymmetric crystals they affect the position of 
the nodes not only far from the reflection domain but 
also in the central part. These shifts are in general 
towards the crystal surface, irrespective of the sense 
of the diffraction vector. 

A new surface has been introduced in reciprocal 
space which is tangent to the dynamical surface along 
parallels to the normal to the crystal surface, which 
enables a geometric representation to be given of the 
properties of wave fields in the total reflection domain 
where, as is well known, they are complex. In par- 
ticular, this surface gives the imaginary part of the 
wave vectors and, therefore, the variation of the 
penetration depth. It is only valid, however, in the 
non-absorbing case. In the absorbing case, where 
there is no Bragg gap and the dispersion surface is 
complex with no discontinuity in its real and 
imaginary paxts, there does not seem to be much use 
in its actual representation, except far from the total 
reflection domain. 
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Abstract 

The general theory of X-ray spherical-wave diffrac- 
tion in two, either identical or different in nature, 
spatially separated perfect crystals is developed. The 
theory takes into account the phase shift of the waves 
both inside the crystals and in vacuum before, 
between and after the crystals. The nonmonochroma- 
ticity of radiation, the source dimension and the 
placing of a slit before the first crystal are considered. 
The results of theoretical calculation and an experi- 
mental study of the interference fringes and focusing 
the radiation are presented. A good agreement 
between the experimental and theoretical data is 
obtained for values of the experimental parameters 
that affect focusing. 

I. Introduction 

The diffraction pattern on the film behind a perfect 
crystal due to X-ray-spherical-wave diffraction is 
known (Afanas'ev & Kohn, 1977) to be defined to a 
great extent by the wave phase change occurring both 
inside the crystal and in vacuum along the source- 
crystal-film wave path L. In other words, the form 
of the diffraction pattern depends on the parameter 
t~ L, where t is the crystal thickness. To observe this 
dependence experimentally one has to use either 
monochromatic radiation (Aristov, Ishikawa, Kikuta 
& Polovinkina, 1981) or a special set-up in which 
polychromatic focusing is realized (Aristov, 
Polovinkina, Shmyt'ko & Shulakov, 1978; Kozmik & 
Mikhailyuk, 1978a, b; Aristov & Polovinkina, 1978; 
Aristov, Polovinkina, Afanas'ev & Kohn, 1980). In 
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the above papers all the new details of the diffraction 
pattern introduced by the theory have been obtained 
experimentally, namely, focusing of the radiation and 
the anomalous form of the Pendelliisung fringes. 

The effect of an entrance slit placed in front of the 
crystal on the diffraction pattern has been investigated 
in the papers by Aristov, Kohn & Polovinkina (1980) 
and Aristov, Kohn, Polovinkina & Snigirev (1982). 
The slit was shown to play the role of an incoherent 
source when its width 2a is much less than either the 
source dimensions or the 'spectral' width ds= 
(F/to)L~ tan Oa, where F is the half-width of the 
spectral line, to is the radiation frequency, L1 is the 
source-to-crystal distance and Oa is the Bragg angle. 
This case is realized in standard section topography 
of the experimental set-up with a narrow slit before 
the crystal, which is equivalent to the case of a point 
source on the entrance surface of a crystal (Kato, 
1961, 1968). 

The present paper is related to a further study of 
the role of the vacuum in X-ray-spherical-wave 
diffraction. The Laue diffraction in two perfect crys- 
tals has been considered. It is particularly interesting 
owing to strong focusing occurring in two-block crys- 
tals with equal block thickness and L = 0. This effect 
was first seen in the case of a small gap between two 
identical crystals (Kato, Usami & Katagawa, 1967; 
Authier, Milne & Sauvage, 1968) when direct and 
diffracted beams were not spatially separated. In the 
first paper the stacking fault was used as a gap. The 
next step was made by Indenbom, Slobodetsky & 
Truni (1974). The effect was shown to occur also with 
a large gap between the blocks in the twice-reflected 
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